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Abstract— The control problem of nonlinear discrete-time
systems based on the Takagi-Sugeno (T-S) fuzzy model was
addressed. A nonlinear system dynamic model is represented
by a T-S fuzzy model. The global T-S fuzzy model of nonlinear
system was transformed into linear uncertain system model.
So the stabilization problem of nonlinear systems becomes
the robust stabilization problem of linear uncertain systems.
Discrete-time sliding mode control approach was employed
to guarantee robust stabilization of linear uncertain systems.
The stable sliding surface was designed by using linear matrix
inequalities to reduce the influence of mismatched uncertainties.
The sufficient condition for the existence of stable sliding
surface was derived in terms of LMI. Moreover the design of
sliding mode control law was presented also. The system robust
stabilization can be guaranteed and the chattering around the
sliding surface in sliding mode control was obviously reduced by
the proposed design approach. At last, an illustrative example
of truck-trailer was presented to show the feasibility and
effectiveness of the proposed method

I. INTRODUCTION

Most of plants in the industry have severe nonlinearity,

which makes the research for nonlinear control systems

possess more practical significance. At the same time they

also post additional difficulties to the control theory of

general nonlinear systems and the design of their controllers.

Great attention has been attracted from both the academic

and industrial communities. In order to overcome these kinds

of difficulties in the design of a controller for a nonlinear

system, various schemes have been developed in the last

two decades, among which a successful approach is fuzzy

control. Fuzzy control technology can provide an effective

and simple solution to the control of plants which are

complex, nonlinear, uncertain, ill-defined, and have available

qualitative knowledge from domain experts for their con-

trollers design. In spite of the usefulness of fuzzy control,

its main drawback comes from the lack of a systematic

control design methodology. Especially stability analysis and

proof of a fuzzy system are not easy. The famous T-S

fuzzy model [1] in which a linear system is adopted as

the consequent part of a fuzzy rule has been developed. It

can combine the flexibility of fuzzy logic theory and the

rigorous mathematical analysis tools in linear system theory
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into a unified framework to solve the control and design

problem of nonlinear system. It has been proved that the T-

S fuzzy model is a general approximation and can approach

a nonlinear system with an arbitrary accuracy [2]. So the

T-S fuzzy model control design provides a new solution to

nonlinear system control. Recently, fuzzy control technology

has been developed continuously. T-S fuzzy-model-based

control technique is studied extensively [1-8]. As a common

belief, the T-S fuzzy-model-based control technique is simple

and effective in the control of complex systems with non-

linearity, such as the inverted pendulum and chaotic systems

[3-8]. Besides stability, another important requirement for a

control system is its robustness. It is well known that sliding

mode control (SMC) is an effective method of robustness

control. SMC has a good performance that is the system

behavior is insensitive to the internal parameter variations

and external disturbances [9-10], It is reason that SMC is

one of preferred projects to study robustness control of

uncertain system. At the same time, in the recent years

with the rapid development of computer technologies and

DPS chips, it is imperative to realize the controller of the

control system by computer. Therefore, it is more significant

to extend the design method of SMC in continuous systems

into the discrete-time control system. In this note, we start

from this point and consider the problem of T-S fuzzy

model-based discrete-time sliding mode control for nonlinear

system. Firstly studying global T-S fuzzy model and then

transforming it into linear uncertain system model. Nonlinear

system is remodeled by employing linear uncertain system

model which come from T-S fuzzy model. SMC method is

used to guarantee linear uncertain system robustly stable. In

sliding surface design system uncertainties are considered in

order to improve system robustness. The sufficient condition

for the existence of stable sliding surface in terms of LMI is

derived. Therefore the problem of designing sliding surface is

changed to the problem of solving linear matrix inequalities.

The sliding mode control law is presented also based on

discrete-time approximate law method, which guarantees the

global stability of the system. And chattering around the

sliding surface in sliding mode control is obviously reduced

by the proposed design approach. At last simulation results

for movement control of the trailer-truck demonstrate the

feasibility and effectiveness of the proposed method.

This paper is organized as follows: Section 2 briefly

introduces construction of T-S fuzzy model for nonlinear

system. In Section 3 the sufficient condition for the existence

of stable sliding surface is presented in terms of LMI and

sliding mode control law is presented also, which guarantees

the global stability of the system. Simulation of trailer-truck
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is given in section 4. Section 5 is a conclusion.

II. CONSTRUCTION OF T-S FUZZY MODEL

Consider following nonlinear discrete-time system:

x(k +1) = f (x(k),u(k),d(k)) (1)

where x(k)∈Rn is state vector, u(k)∈Rm is the control input

vector, is exterior disturbance, f (k) is nonlinear function.

It’s well known that it’s impossible that nonlinear system

can be described by global linear system model. But non-

linear system can be represented by sum of a series of local

linear system models. That is nonlinear system (1) can be

represented by follow T-S fuzzy model:

Ri : if x1(k) is F i
1 and . . . and xn(k) is F i

n,

then x(k +1) = Aix(k)+Biu(k)+Hid (k) ,

i = 1,2, . . . , l. (2)

where F i
j ( j = 1 · · ·n) is a fuzzy set, l is the number of rules of

this T–S fuzzy model. Ri denotes the ith rule of fuzzy system.

Ai, Bi ,Hi are the matrices corresponding to the ith subsystem

with appropriate dimensions. The defuzzified output of the

T–S fuzzy system (2) is described as follows:

x(k +1) =
∑l

i=1 ωi (x(k))(Aix(k)+Biu(k)+Hid (k))

∑l
i=1 ωi (k)

= ∑l
i=1 µi (x(k))(Aix(k)+Biu(k)+Hid (k))

,

(3)

where

ωi (x(k)) = ∏
n

j=1
F i

j (x j (k)) ,

µi (x(k)) = ωi (x(k))
/

∑
l

i=1
ωi (x(k)).

Because

ωi (x(k)) ≥ 0, ∑
l

i=1
ωi (x(k)) ≥ 0,

so

0 ≤ µi (x(k)) ≤ 1, ∑
l

i=1
µi (x(k)) = 1. (4)

Thus nonlinear system (1) can be described by employing

T-S fuzzy model (3). From (4) we can get

µ j (x(k)) = 1−
l

∑
i=1(i 6= j)

µi (x(k)). (5)

Substituting (5) into (3), T-S fuzzy model (3) can be rewritten

as follow form:

x(k +1) =

[

µ j (x)A j +
l

∑
i=1(i6= j)

µi (x)Ai

]

x(k)+

[

µ j (x)B j +
l

∑
i=1(i6= j)

µi (x)Bi

]

u(k)+∑l
i=1 µi (x)Hid (k) .

(6)

Defining

∆A0 =
l

∑
i=1(i6= j)

µi (x)(Ai −A j) ,

∆B0 =
l

∑
i=1(i6= j)

µi (x)(Bi −B j) ,

H =
l

∑
i=1

µi (x)Hi, A j = A0, B j = B0.

Then yields

x(k +1) = (A0 +∆A0)x(k)+(B0 +∆B0)u(k)+Hd (k) . (7)

Thus (7) can be seen as an uncertain linear system with

nominal matrix A0,B0, uncertainties ∆A0, ∆B0 and exterior

disturbance d (k). Therefore, the stabilization problem of

system (3) now becomes the robust stabilization problem of

(7).

III. DESIGN OF SLIDING MODE CONTROL

The robust stabilization of uncertain linear system has

been attracting much attention [9-15] in recent years and

many significant results have been obtained. Here the robust

stabilization of uncertain linear system is achieved by em-

ploying SMC method. If ∆A0 is mismatched uncertainty, and

Hd(k)are matched uncertainties in system dynamics (6), then

the linear discrete-time uncertain system (6) can be rewritten

as follow form:

x(k +1) = (A+∆A)x(k)+B((I +∆B)u(k)+∆ f (k)) , (8)

where x ∈ Rn is the state vector, u ∈ Rm is control input

and ∆(·) denotes uncertainty, and ∆A = ∆A0, B∆B = ∆B0,

B∆ f (k) = Hd (k). A = A0, B = B0 are known constant

matrices with appropriate dimensions. To system (8) we give

follow assumptions:

Assumption 1: The pair (A,B) is controllable, and the

input matrix B has full rank. Assuming B = [ B1 B2 ]T

and det(B2) 6= 0.

Assumption 2: Uncertainties ∆A, ∆B and ∆ f (k) are

unknown but bounded in Euclidean norm.

From Assumption 1, we can know that the pair (A,B) is

controllable, so there exists a linear nonsingular transforma-

tion

z = Mx =

[

In−m −B1B−1
2

0 B−1
2

]

x,

which transforms the system dynamics (8) into its regular

form.
[

z1 (k +1)
z2 (k +1)

]

=
(

Ā+∆Ā
)

z(k)+ B̄(I +∆B̄)u(k)+ B̄∆ f .

(9)

That is

z1 (k +1) = (A11 +∆A11)z1 (k)+(A12 +∆A12)z2 (k) , (10)

z2 (k +1) = (A21 +∆A21)z1 (k)+(A22 +∆A22)z2 (k)

+Im ((I +∆B2)u+∆ fm) , (11)

where z1 ∈ Rn−m and z2 ∈ Rm are the state vectors.

A11,A12,A21,A22 are known constant matrices with appro-

priate dimensions. ∆(·) denotes uncertainties and the bounds

of uncertainties are known. Im is m×m identity matrix.
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A. Design Sliding Surface using LMI

Traditional design methods of sliding surface include pole

placement method and LQR method [9-10]. These methods

design sliding surface based on nominal system, which do

not possess robustness when system includes mismatched

uncertainties. Many literatures have been developed to deal

with the problem of designing stable sliding surface for

continuous-time systems, Choi 2003[11], Kim 2005[12],

Edwards 2004[13]. But the literatures which have been de-

veloped to deal with the problem of designing stable sliding

surface for discrete-time systems are few. This note considers

the system mismatched uncertainties in designing of discrete-

time sliding surface based on literature [12] and presents

design method of discrete-time sliding surface by employing

LMI approach in order to improve system robustness. The

linear sliding surface is usually defined as:

S (z) = Cz = 0,

or without loss of generality

S (z) = Cz =
[

−K Im

]

[

z1

z2

]

= 0, (12)

where C ∈ Rm×n and K ∈ Rm×(n−m). Im is m×m dimension

identity matrix. In sliding mode, S(z) = Cz = 0, then

z2 = Kz1. (13)

Seeing z2 as dummy input of subsystem (10) and substituting

(13) into subsystem (10) yield:

z1 (k +1)= (A11 +∆A11)z1 (k)+(A12 +∆A12)Kz1 (k) , (14)

which is the reduced-order (n−m) dynamics. it is the

reduced-order (n−m)dynamics.

If the uncertainties ∆A in (9) satisfy matching condition,

then ∆A11 and ∆A12 will not appear in (14). Because (Ā, B̄)
is controllable, then (A11,A12) is controllable also and the

reduced-order subsystem (14) will be stabilized by choosing

appropriate K and at the same time the sliding surface (12)

has been designed also.

If the uncertainties ∆A in (9) do not satisfy matching

condition, but ∆A and ∆B are admissibly norm-bounded and

structure as following:

Assumption 3: Assume that

∆A11 = DF (k)E1, ∆A12 = DF (k)E2, (15)

where D, E1 and E2 are known real constant matrices of

appropriate dimensions, and F(k) is an unknown matrix

function with Lebesque-measurable elements and satisfies

FT (k)F(k) ≤ I, where I is the identity matrix.

Under the above conditions, the sliding surface (12), which

stabilizes the reduced-order system (14) in the presence of

mismatched uncertainties, can be designed in terms of LMIs.

In order to show the proof, we need to recall the following

Lemma.

Lemma 1[8]: Given constant matrices D, E and a sym-

metric constant matrix Y of appropriate dimensions, the

following inequality holds:

Y +DFE +ET FT DT < 0,

where F satisfiesFT F ≤ R, if and only if for some γ > 0,

Y +
[

γ−1ET γD
]

[

R 0

0 I

][

γ−1E

γDT

]

< 0

holds.

The main result on the asymptotic stability of the reduced-

order system with mismatched uncertainties is summarized

in the following theorem.

Theorem 1: If there exists a symmetric and positive

definite matrixP, some matrix Wand some scalar γ such

that the following LMIs (16) are satisfied, then the reduced-

order discrete-time system (16) is asymptotically stable via

the sliding mode surface (14):









−X ∗ ∗ ∗
A11X +A12W −X ∗ ∗
E1X +E2W 0 −γI ∗

0 γDT 0 −γI









< 0. (16)

where X = P−1, W = KP−1, and ∗ denotes the transposed

elements in the symmetric positions.

Proof: Consider Lyapunov function candidate

V (k) = zT
1 (k)Pz1 (k) , (17)

where P is a positive definite symmetrical matrix. The

difference of V (k) is

V (k) = V (k +1)−V (k)

= zT
1 (k +1)Pz1 (k +1)− zT

1 (k)Pz1 (k) . (18)

Substituting (14) into (18) yields,

V (k) = zT
1 (k) [A11 +A12K +∆A11 +A12K]T P×

[A11 +A12K +∆A11 +A12K]z1 (k)−

zT
1 (k)Pz1 (k) . (19)

If the right hand of (19) is uniformly negative definite for all

z1(k) and for all k ≥ 0 except at z1(k) = 0 then the reduced-

order dynamics (14) is asymptotically stable about its zero

equilibrium. Therefore, the following inequality is valid.

(A11 +A12K +∆A11 +∆A12K)T
P×

(A11 +A12K +∆A11 +∆A12K)−P < 0.
(20)

By applying Schur complement and Assumption 3 to (20),

(20) is equivalent to
[

−P ∗
(A11 +A12K +∆A11 +∆A12K) −P−1

]

= Φ+

[

0 ∗
DF (k)(E1 +E2K) 0

]

= Φ+

[

0

D

]

F (k)
[

E1 +E2K 0
]

+
[

E1 +E2K 0
]T

FT (k)

[

0

D

]T

< 0.

(21)
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where Φ =

[

−P ∗
A11 +A12K −P−1

]

.

According to Lemma 1, the matrix inequality (21) holds

for all F(k) which satisfies FT (k)F(k) ≤ I if and only if

there exists a constant γ
1/2 > 0 such that

Φ+

[

(E1 +E2K)T
0

0 D

][

γ−1I 0

0 γI

]

×

[

(E1 +E2K) 0

0 DT

]

< 0.

(22)

Applying Schur complement to (22) and taking the congru-

ence transformation with diag
[

P−1 I I I
]

result in









−P−1 ∗ ∗ ∗
A11P−1 +A12KP−1 −P−1 ∗ ∗
E1P−1 +E2KP−1 0 −γI ∗

0 DT 0 −γ−1I









< 0. (23)

Denoting X = P−1, W = KP−1 and taking the congruence

transformation with diag[ I I I γI ] yield (16).

B. Design of sliding mode controller

In the previous section, when the uncertain system (9) was

in the sliding mode, the sliding mode surface was designed

to guarantee the asymptotic stability of the reduced order

system in terms of LMIs. Next, we should find feedback

control law u(k) to drive system state trajectories to arrive at

the switch band in limit time and thereafter maintain in the

switch band. This means that the control law is designed to

guarantee system satisfy the reaching condition. For system

(9), employing discrete-time approximate law method [9] we

can get sliding mode control law:

u(k) = −(CB̄(I +∆B̄))
−1 [

CĀz(k)−Cz(k)+T qCz(k)

+ εT sgnCz(k)+C∆Āz(k)+CB̄∆ fm (k)
]

.
(24)

Where T is sampling period, q ∈ Rm×m and ε ∈ Rm×m are

some diagonal matrices respectively with the entries εi >
0, qi > 0 ∀ i = 1 · · ·m. 0 < (1− qiT ) < 1, ∀ i = 1 · · ·m is

satisfied also. And

S(k) =
[

s1(k) · · · sm(k)
]T

,

sgnS(k) =
[

sgns1(k) · · · sgnsm(k)
]T

.

Because there exists uncertain items in (24), this control law

can not be realized in practice. It is necessary to construct

a certain control law u(k), which can guarantee the systems

with uncertainties still be robust stabilization. For simplicity,

here we assume ∆B̄ = 0. From assumption 2 we can know

Ā and ∆ fm(k) are bounded. Suppose their upper bound and

lower bound is known as[9]:

Qmin ≤C∆Āz(k) ≤ Qmax

Wmin ≤ ∆ fm (k) ≤Wmax,
(25)

defining

Q1 = (Qmax +Qmin)/2

Q2 = (Qmax −Q
min

)/2 =
[

Q21 · · · Q2m

]T

Q̄ = diag
[

Q21 · · · Q2m

]

(26)

W1 = (Wmax +W
min

)/2

W2 = (Wmax −Wmin)/2 =
[

W21 · · · W2m

]T

W̄ = diag
[

W21 · · · W2m

]

.

From above we can get the following theorem:

Theorem 2. For the system (9) satisfying Assumptions 3,

4 and 5, the following control law is considered:

u(k) = −(CB̄)
−1 [

CĀz(k)−Cz(k)+T qCz(k)

+ εT ‖z(k)‖sgnCz(k)+Q1 + Q̄sgnCz(k)

+CB̄(W1 +W̄ sgnCz(k))] ,
(27)

where T,ε,q,S are same as (24). The definitions of

Q1, Q̄,W,W̄ are in (26). Then the system (8) satisfies reaching

condition of sliding mode.

Proof: The design of sliding-mode controllers for uncer-

tain discrete-time systems must guarantee system dynamics

reach switch band in the limited time and when the uncertain-

ties in systems are changed, should assure reaching condition

also be satisfied. We propose a reinforced inequality reaching

condition based on in reference [9] as following

S (k +1)−S (k) ≤−εT ‖z(k)‖sgnS (k)−qT S (k) ,S (k) > 0;

S (k +1)−S (k) ≥−εT ‖z(k)‖sgnS (k)−qT S (k) ,S (k) < 0.
(28)

In (28) term ‖z(k)‖ is added, so there is ‖z(k)‖ in control

law (27), which can reduce the chattering around sliding

surface. The simulation results will show this.

It is easy to prove that

C∆Āz(k) ≤ Q1 + Q̄sgnS (k) , S (k) > 0

C∆Āz(k) ≥ Q1 + Q̄sgnS (k) , S (k) < 0

∆ fm (k) ≤W1 +W̄ sgnS (k) , S (k) > 0

∆ fm (k) ≥W1 +W̄ sgnS (k) , S (k) < 0.

(29)

From (9), (28) and (29) we can get

S(k +1)−S(k) = Cz(k +1)−Cz(k)
= CĀz(k)+C∆Āz(k)+CB̄(u(k)+∆ fm(k))−Cz(k)
= −T qCz(k)− εT ‖z(k)‖sgnCz(k)+ [C∆Āz(k)−Q1

− Q̄sgnCz(k)]+CB̄[∆ fm(k)− (W1 +W̄ sgnCz(k))].

From (11), (12) we can know CB̄ = Im, so yields

S (k +1)−S (k) = Cz(k +1)−Cz(k)
{

≤−εT ‖z(k)‖sgnS (k)−qT S (k) , S (k) > 0;

≥−εT ‖z(k)‖sgnS (k)−qT S (k) , S (k) < 0.

So system (9) satisfies reaching condition (28).
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IV. SIMULATION STUDY

To illustrate the proposed approach, a movement control

problem of the truck-trailer is considered. A nonlinear kine-

matic model of the truck-trailer[6] is considered as follows:

x1(k +1) = (1− v
k

L
)x1(k)+ v

k

l
u(k)

x2(k +1) = x2(k)+ v
k

L
x1(k)

x3(k +1) = x3(k)+ vk sin(x2(k)+ v
k

2L
x1(k)).

where l is the length of the truck, L is the length of the

trailer, k is the sampling time, and v is the constant speed of

the backward movement.

This system can be presented as following T-S model:

Rule1: If z(k) = x2 (k)+
vk

2L
x1 (k) is about 0 [rad],

Then x(k +1) = A1x(k)+B1u(k);

Rule 2: If z(k) = x2 (k)+
vk

2L
x1 (k) is about ±π [rad],

Then x(k +1) = A2x(k)+B2u(k).

where

A1 =













1−
vk

L
0 0

vk

L
1 0

(vk)2

2L
vk 1













=





1.3846 0 0

−0.3846 1 0

0.0096 −0.05 1



 ,

B1 =

[

vk

L
0 0

]T

=
[

−0.5747 0 0
]T

,

A2 =













1−
vk

L
0 0

vk

L
1 0

g(vk)2

2L
gvk 1













=





1.3846 0 0

−0.3846 1 0

0.0003 −0.0017 0





B2 = B1 = [ −0.5747 0 0 ]T .

Where l = 0.087m, L = 0.13m, v = −0.1m/sec, k =
0.5sec, g = 0.106/π.

The membership function is taken as follows

µ1(z(k)) = (1−
1

1+ exp{−3[z(k)− π
2
]}

)×

1

1+ exp{−3[z(k)+ π
2
]}

,

µ2(z(k)) = 1−µ1(z(k),

z(k)) = x2(k)+ v
k̄

2L
x1(k).

Then global fuzzy T-S model can be obtained as follows:

x(k +1) = µ1 (A1x(k)+B1u(k))+ µ2 (A2x(k)+B2u(k)) .

According to (7), above T-S fuzzy model can be transformed

into linear uncertain system model as follows:

x(k +1) = (A1 +∆A)x(k)+(B1 +∆B)u(k) ,

where
∆A = µ2 (A2 −A1)

= µ2





0 0 0

0 0 0

(g−1) (vk)2

2L
(g−1)vk 0





= µ2





0 0 0

0 0 0

−0.0093 0.0483 0



 ,

∆B = µ2 (B2 −B1) = 0.

Taking transforming matrix as

M =





0 0 1

0 1 0

−1.74 0 0





then obtain

B̄ = MB = [ 0 0 1 ]T .

Ā = MAM−1 =





1 −0.05 −0.0055

0 1 0.221

0 0 1.3846



 ,

∆Ā = M∆AM−1 =

[

∆A11 ∆A12

∆A21 ∆A22

]

= µ2





0 0.048 0.0053

0 0 0

0 0 0



 ,

∆A11 (k) = DF (k)E1

= µ2

[

0 0.048

0 0

]

=

[

0.1
0

]

F (k)
[

0 0.48
]

,

∆A12 (k) = DF (k)E2

= µ2

[

0.0053

0

]

=

[

0.1
0

]

F (k) [0.053] .

Where F (k) = µ2 (k) , 0 ≤ µ2 (k) ≤ 1, so FT (k)F (k) ≤ I is

satisfied. From (16) we can get

C =
[

−K I
]

= [ -17.3061 8.8775 1.0000].

Qmin = 0, Q1 = Q̄ = 0.0246‖x(k)‖ .

Taking 1 − T q = 0.5, T = 0.5, εT = 0.5. Simulation

results with x(0) =
[

2 1 1
]

show as follows:

Fig.1 and Fig.3 are the system state response and control

input u(k)with no ‖z(k)‖ in control law (27). Fig.2 and Fig.

4 are the system state response and control input u(k) with

proposed sliding control law (27). From simulation results

we can know that system can be stabilized quickly by the

proposed approach and chattering around the sliding surface
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Fig. 1. state trajectories with no ‖z(k)‖ in (27)

Fig. 2. state trajectories with control law (27)

Fig. 3. system control u(k)with no ‖z(k)‖ in (27)

Fig. 4. system control u(k) with control law (27)

can be reduced obviously by adding term ‖z(k)‖ in reaching

condition (28). Simulation results illustrate that the proposed

scheme in this paper is feasible and effective for complicate

nonlinear discrete-time system control.

V. CONCLUTION

This paper proposes another control method for nonlinear

control systems. Linear uncertain system model is used to

describe nonlinear dynamic system. So the stability problem

of nonlinear systems becomes the robust stabilization prob-

lem of linear uncertain systems. Discrete-time sliding mode

control approach is employed. The design of sliding mode

controller is presented, which drives system state trajectories

to arrive at the switch band in limit time and thereafter

maintain in the switch band and the chattering around sliding

surface is reduced effectively also. The stable sliding surface

is easily designed by solving linear matrix inequalities by

means of the LMI toolbox of Matlab. But when uncertainties

are very large the feasible solution for linear matrix inequal-

ities may not be obtained. Other approaches such as self-

adaptive control should be employed.
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